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Abstract 

On a complex curve, we establish a correspondence between inte- 
grable connections with irregular singularities, and Higgs bundles such 
that the Higgs field is meromorphic with poles of any order. 

The moduli spaces of these objects are obtained by fixing at each 
singularity the polar part of the connection, which amounts to fixing 
a coadjoint orbit of the group GLr{C[z\/ z'^). We prove that they 
carry hyperKahler metrics, which are complete when the residues of 
the connection are semisimple. 



Introduction 

On a compact Kahler manifold, there is a well-known correspondence, named 
nonabelian Hodge theory, and established by Simpson and Corlette (see 
||Sim92|| ), between representations of the fundamental group (or integrable 
connections) and Higgs bundles. In the case of a curve, the correspondence 
is due to Hitchin [Hit87] and Donaldson [Don87|. This correspondence has 



been extended to the case when the objects on both sides have logarithmic 
singularities, at least in the case when the singular locus is a smooth divisor, 
5im9CI|| on curves and |Piq97|| in higher dimensions. 



see 



In this article, we extend the correspondence to the irregular case, on a 
curve. This means that we now look, on one side, at integrable connections 
with irregular singularities, like 

. dz ^ dz ,^ 

d + An— + --- + A,— (0.1) 

2" z 
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with n > 1, and, on the other side, Higgs bundles (tf, 6) with the Higgs field 
having a polar part 

e = T^— + --- + Tr — . 0.2 

z 

In this paper, we will restrict to the case when one can choose 

A2, . . . ,An semisimple. (0.3) 



Sabbah |[Sab99|| has constructed a harmonic metric for integrable connec- 
tions with irregular singularities: this is a part of the correspondence. We 
construct the whole correspondence: 



Theorem 0.1. Under the assumption ( \0-3i ), there is a 1-1 correspondence 
between stable (parabolic) integrable connections with irregular singularities, 
and stable parabolic Higgs bundles with singularities like in ^0.2J . The corre- 
spondence between the singularities ( jO. 1\ ) and ^O-W at the punctures is given 
by ^ 

2 

For i = 1 there is the same permutation between eigenvalues of Ai, Ti, and 
the parabolic weights as in ^im9(\l : more precisely if on the connection side 
we have the eigenvalues fii of A\ and the parabolic weights and on the 
Higgs bundle side the eigenvalues Xi o/Ti and the parabolic weights ai, then 

tti = Re /ij - [Re /ij] , \i = 

where the [■] denotes the integer part. The nilpotent parts of Ai and Ti are 
the same. 

See section ^ for details about stability. When the weights of the local 
system vanish (ReAj = 0), stability for integrable connections reduces to 
irreducibility, see remark |8]^. The proof also gives precise information about 
the asymptotics of the harmonic metric. 

In [[BoaOlbll the second author studied the symplectic geometry of the 



moduli spaces of integrable connections with irregular singularities in the 
case when An is regular: more precisely, the moduli space obtained by fixing 
the coadjoint orbit of the group GLr{C>[z\/ z'^) defined by ( p.l|) is complex 
symplectic. In more concrete terms, this means considering the moduli space 
of connections which near the singularity can be transformed into 

1 A dz A dz 

d + An V ■ ■ ■ + Ai h holomorphic terms. 

0" z 
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In the case where An is regular semisimple, this amounts to fixing the formal 
type of the connection. Now we will show that this moduli space carries more 
structure, namely: 

Theorem 0.2. The moduli space of integrable connections, with fixed polar 



part ( \0. 1\) at each singularity, is hyperKdhler. If the moduli space is smooth 
and the residues Ai at each singular point are semisimple, then the metric is 
complete. 

The same result remains true if we add some compatible parabolic struc- 
ture at each singularity. We remark that a generic choice of parabolic struc- 
ture leads to smooth moduli spaces (no semistable points). 

Also, at least generically, one can explicitly describe the underlying com- 
plex symplectic manifold: 

Theorem 0.3. For generic eigenvalues of the residues, all integrable con- 
nections are stable, and the moduli space can be identified, from the complex 
symplectic viewpoint, with the finite dimensional quasi- Hamiltonian quotient 
ofj^. 

For example over the projective line the moduli space contains a dense 
open subset, parameterising connections on trivial holomorphic bundles, which 
may be described as a complex symplectic quotient of finite dimensional coad- 
joint orbits. However in general there are stable connections on nontrivial 
holomorphic bundles and the quasi-Hamiltonian quotient incorporates these 
points as well. An example will be given in section & 



Note that Martinet-Ramis MR91 have constructed a "wild fundamental 



group", so that connections with irregular singularities can be interpreted 
as finite dimensional representations of this group. From this point of view, 
theorem |0]^ really generalizes the earlier correspondences between represen- 
tations of the fundamental group of the curve (or the punctured curve) and 
Higgs bundles. 

Starting on the other side we remark that moduli spaces of meromorphic 
Higgs bundles have previously been studied algebraically by Bottacin |Pot95| 
and Markman [ Mar94 1 , who have shown they are algebraic completely inte- 
grable systems. 

Also the study of Higgs bundles with such irregular singularities has a 
physical interest, since some of them arise from the Nahm transform of pe- 
riodic monopoles, see ||CK01|] . The corresponding hyperKahler metrics have 
been studied in ||(JK02|| . 



It is not clear at all how to extend the correspondence to the case where 
A2, . . . ,An have a nilpotent part. For example, in the case of an order 2 
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pole, if we suppose that T2 in ( |0.2| ) is nilpotent, then the eigenvalues of 9 
have only a simple pole, so the Higgs bundle satisfies the "tameness" con- 
dition of Simpson [ [Sim9CI| |, and we are back in the simple pole situation. 
In particular in that case, we cannot construct new metrics: actually, by a 
meromorphic gauge transformation, the Higgs field can be transformed into 
a Higgs field with only a simple pole. The same kind of considerations holds 
on the integrable connection side. 

One of the main features of connections with irregular singularities is that 
formal equivalence does not come from holomorphic equivalence, resulting in 
the well-known Stokes phenomenon. Sabbah studies carefully this Stokes 
phenomenon around the puncture in order to construct a sufficiently good 
initial metric to which he can apply Simpson's existence theorem for harmonic 
metrics pim9CI|| . 



Our method is different: we use a weighted Sobolev space approach, 
which enables us to forget the difficult structure of irregular singularities, 
at the expense of developing some analysis to handle the operators with 
highly singular coefficients that we encounter. In particular, we strengthen 
the Frechet symplectic quotient of Poa01b|| into a hyperKahler quotient. 

In section ||, we develop the local models which are a guide for the be- 
havior of the correspondence, and then define the admissible deformations 
in suitable Sobolev spaces in section |^. Next we study the local analysis 
needed on a disk in sections ^ and ^. This enables us to construct the C°°- 
moduli space of solutions of Hitchin's selfduality equations in section |, and 
prove that it is hyperKahler. It remains to identify this moduli space with 
the "DeRham moduli space" of integrable connections and the "Dolbeault 
moduli space" of Higgs bundles: these moduli spaces are studied in sections 
1^ and the correspondence is stated in section ^ and proven in section |^. 

Acknowledgments. We thank Claude Sabbah for discussions and interest and 
Audrey Bolibruch for useful comments. 



1 Local model 

Look at a rank r holomorphic bundle in the unit disk, trivialized in a 
basis (tj) of holomorphic sections, and consider the holomorphic connection 

1^ 1 A dz ^ dz ^. 

D = d + An— + --- + A,—, 1.1 

z^ z 

where the Ai are constant matrices; then D is an integrable connection, that 
is, the curvature Fd = vanishes. 
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The work in this paper will be valid under the following assumption. 

Main assumption 1.1. The {Ai)i^2 are diagonal matrices. 

Notice that this implies that the Ai commute. Actually, it would be suf- 
ficient to suppose that the are semisimple. Indeed, under this weaker 
hypothesis, one can do the following: observe that a holomorphic transfor- 
mation transforms D into 

^ z"- z 

therefore, if An is semisimple, we can find u holomorphic such that u{0) = 
and 

e"(L>) = d + aJ^ + ^n~\—^ -I h A'l— + holomorphic terms, 

and [An, = 0. This means that, up to holomorphic terms, one can suppose 
that the (y4j)j^„_i commute with An. Iterating this procedure, we see that, 
up to holomorphic terms, D is equivalent to a connection ( |1 . 1| ) where the 
matrices Ai commute. 

If none of the (Aj)j^2 are regular (more precisely if the stabilizer of (Aj)j^2 
is not a Cartan subalgebra) then the residue Ai may have a nilpotent part. 
The phenomenon induced by such a nilpotent part in the residue of the con- 
nection D is complicated, but has been carefully analyzed in ||Sim90| , [Biq97 . 



As the purpose of this work is mainly to investigate the new phenomenon 
induced by the presence of the higher order terms (Ai)j^2, and since there 
is no interaction with the nilpotent part of the residue (actually the two be- 
haviors, coming from the higher order poles on one side, from the nilpotent 
part of the residue on the other side, can basically be superposed), we will 
make another assumption for the clarity of exposition. The results remain 
true without the assumption, but the precise proof would require incorporat- 



ing the analysis in [Piq97|| into that developed here: this is not difficult (see 
remark [2^ ) , but would lead to very heavy definitions of functional spaces, so 
we prefer to give a proof of the results only under the following hypothesis. 

Secondary assumption 1.2. The matrix Ai is also a diagonal matrix. 

Finally we will suppose that ^ comes with a parabolic structure with 
weights (3i G [0, 1[, meaning basically that we have on the bundle ^ a her- 
mitian metric 



\z 



(1.2) 
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the fiber at the origin is filtered by = {s(0), \s{z)\ = Ql^zf)}. In the 
orthonormal basis {Til\zf'^\ we get the formula 

D-d + Y.^,--^-, (1.3) 

1 ^ ^ 

where /3 is the diagonal matrix with coefficients . . . , (3r- 

Recall that in general, we have a decomposition of D into a unitary part 
and a self adjoint part, 

D = D+ + cj), 
and we can define new operators 

D' = + 

The operator 

D"^d^ + e (1.4) 

is a candidate to define a Higgs bundle structure, and this is the case if the 
pseudo-curvature 

Gd = -2{D"f (1.5) 

vanishes. In the case of a Riemann surface, the equation reduces to = 0. 
In our case, we get, still in the orthonormal basis {Ti/\z\^^), 

1 . dz .^dz 



2 ^ z^ z^ 
I 1 X"^ A dz .^dz ^dr 



2 
1 



1 " 

9 ^ * ' 



2^ ' z' 
2^ V~2T' 



It is clear that Gip = 0, so that we have a solution of Hitchin's self duality 
equations. 
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Formulas become simpler if we replace the orthonormal basis {Ti/\z\^^) by 
the other orthonormal basis (cj) given on the punctured disk by 



■^"^^'exp 



where the fii are the eigenvalues of the residue of D (the diagonal coefficients 
of 74i). Indeed, in the basis (cj), the previous formulas become 

1 7 7 — 7 

D+ = d + Re(Ai)tde, (f) = -Y Ai— + A*— - (3— (1.6) 

2 ^ r 

and 

This orthonormal basis (e^) defines a hermitian extension E of the bundle 
over the puncture. 

Now look at the holomorphic bundle induced by on the punctured 
disk. A possible choice of a basis of holomorphic sections is 

a, = l^l^'^'^^-t^^^^lei. (1.8) 

We see that |aj| = \z\°'\ with 

ctj = Re/ij - [Re/ij]. (1.9) 

This choice of cTj is the only possible choice for which ^ < 1. The sections 
((Tj) define an extension <§' of the holomorphic bundle over the puncture, and 
the behavior of the metric means that this extension carries a parabolic 
structure with weights a^. Finally, in this basis the Higgs field is still given 

by 



lj^^^dz_pdz_ 



, . 

2^ z' 2 z 

In particular, the eigenvalues of the residue of the Higgs field are 

A. = ^. (1.11) 

The formulas ( |1.9| ) and ( |1 . 1 1| ) give the same relations between parabolic 
weights and eigenvalues of the residue on both sides as in the case of regular 
singularities. This basically means that the behavior described by Simpson 
in the case of regular singularities still occurs here in the background of the 
behavior of the solutions in presence of irregular singularities. 
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2 Deformations 



We continue to consider connections in a disk, using the same notations as 
in section |[ 

We want to construct a space of admissible connections on with 
the same kind of singularity as D at the puncture. In order to be able to do 
some analysis, we need to define Sobolev spaces. First define a weighted 
space (using the function r = \z\) 

The convention for the weight is chosen so that the function G if and 
only if X > 5. 

Now we want to define Sobolev spaces for sections f of E or of associated 
bundles, mainly End(ii^). Let us restrict to this case: we have to decompose 
End(£') under the action of the Ai. 

A simple case is the regular case in which the stabilizer of An is the same 
as the stabilizer of all the matrices Ai, . . . , An- Then we decompose End(ii^) 
as 

For example, if An is regular, then End(£')o consists of diagonal matrices. 
In the non regular case, we need a more subtle decomposition, 

n 

End(E) = ^End(E)i, (2.2) 



defined by induction by 

End(E)o = nkerad(Ai), End{E)i = End{E)j-_i n ( r\j>i kerad(Aj)). 

(2.3) 

We will therefore decompose a section / of End(i?) as 

/ = /o + --- + /„, 

where the indices mean that the highest order pole term acting on /j is 

Aidz/z\ 

Now we can define Sobolev spaces with k derivatives in L^, 

Lf = {/,^^ e Ll for < J ^ fc,0 ^ z ^ n}; (2.4) 



8 



in the whole paper, V = V"^ is the covariant derivative associated to the 
unitary connection D^. 

In this problem it is natural to look at deformations of D such that the 
curvature remains 0{r~'^~^^), that is slightly better than L^. This motivates 
the following definition of the space of admissible deformations of D: 

£^ = {D + a,ae L]:l^si^^ 0EndE)}, (2.5) 

and of the gauge group, 

':^ = {gEUiE),Dgg-'EL%,}. (2.6) 

The following lemma says that we have defined good objects for gauge theory. 

Lemma 2.1. The connections in £/ have their curvature in L'^2+s- More- 
over, is a Lie group, with Lie algebra 

Lie(^)=L?:^^,(u(E)), (2.7) 

and it acts smoothly on . 

The proof of the lemma involves some nonlinear analysis, which we will 
develop in section ^. 

Remark 2.2. In the case Ai has a nilpotent part, the analysis has to be 



refined as in |Piq97|| in logarithmic scales in order to allow the curvature to 
be 0(r~^| Inrl'^"*^). The analysis which will be developed here shall continue 
to be valid in this case, for components in End(i?)„ © ■ ■ ■ © End(-E')2, and 



the tools in [[Biq97|| handle End(£')i © End(i?)o, where the action of the 



irregular part is not seen. This is the basic reason why the results in this 
paper continue to be true in this case also. 



3 Gauge theory 

In this section, we give the tools to handle the nonlinearity in the gauge 
equations for connections with irregular singularities. We first need to define 
weighted L^-spaces, for sections / of End E., by 

It is convenient to introduce spaces with a weighted condition on /o also, 

f '''P — f f r- T^'P fo ^ tPX 
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Again, the weight is chosen so that G if and only ii x > 6. This is a 
nice convention for products, since we get 

111 

We remark that the Sobolev space above for functions has a simple in- 
terpretation on the conformal half-cylinder with metric 

\f^ = ^ + d9' = dt' + d9' 

with t = — Inr. Indeed, for a function /, the condition / G V^'^ is equivalent 
to 

\ \zY 

which is the standard weighted Sobolev space on the cylinder. 

From this interpretation one easily deduces the following facts for a func- 
tion / on the disk, see for example |[Biq91|, section 1]: 



(i) Sobolev embedding: for \ ^ ^ — \ (with strict inequality for r = oo), 
one has 

L's'i Ly, (3.1) 
in particular, for j9 > 2, one has L]'^^ Cg] 

(ii) control of the function by its radial derivative: if 5 < and / vanishes 
on the boundary, or if 5 > and / vanishes near the origin, then 

\\%hu^-\\f\W^ (3-2) 



in particular the estimate ( |3.2| ) means that 

Ll'^i = Ll'', if5<0; (3.3) 

(iii) for p > 2 and 6 > 0, the condition df G L^_i implies f E and then, 
by applying ( F^ : 

||/-/(0)||^x,. ^c\\df\U. ^. 

6 — 1 o 1 
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From (p3D, connection forms a E L]:l^^{n^ (g) (End(E)o © End(E)i)) 



actually belong to ^-1+5 ^'^^ P W ( |3.1| ). Now for a gauge 

transformation g, again restricting to the component End(£')o © End(£')i, 



the condition Dgg E L 



1,2 

-2+<5 



c L 



p 

-1+5 



implies by (iii) that g is continuous, 



with ^(0) E End(E)o, and g - g{0) E n L^. 

Similarly, an infinitesimal gauge transformation u in L^'2^^(End(£')o © 
End(i?)i) has a well-defined value m(0) E End(ii^)o, and 



2,2 



u - u{0) E Lt 



2+5- 



(3.4) 



We have to generalize this picture from the regular singularity case to 
the irregular singularity case. The new ingredient is that now for sections of 
End(£')fc the weight 1/r'' is no longer "equivalent" to a derivative as in ( ^.2]) , 
and this implies that the behavior of the weights in the Sobolev embedding 
L^'^ is more involved than in because we somehow have to 

separate what comes from the bound on the derivative from what comes 
from the bound on the tensor itself. 



Lemma 3.1. For p > 2, one has the Sobolev injections 

Ll'\End{E),) ^ ^U/p+(i-2/p)(End(^).), 
L'/{End{E),) ^ QV-2(.-i)/p(End(E)fc). 

Proof. Take / in L^'^(End(-E')j!c), then 

2 ^ ^ 2\ 

\dz\^. 

Because of Kato's inequality |V/| ^ we can restrict to the case where 

/ is function, and replace V/ by df. With respect to the metric j^^, the 



/ 


/ 


2 


V/ 








+ 


^1+5 





above norm transforms into 



/ 



,1+5 



df 



\dzl_ 



which is equivalent to the L ' -norm 



of g = r ^ ^ f . The metric is fiat, actually 



dz\- 



\dz\ 



\2k 



\du\'^, u 



-1 
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The problem here is that z —>■ u is a. {k — l)-covering A — {0} ^ C — A: this 
means that / must be interpreted on C as a section of a rank (A; — 1) flat 
unitary bundle. Nevertheless, still using Kato's inequality, we can apply the 
standard Sobolev embedding on C to deduce that 

i\g\' + \dg\')\du\'y ^c(^J Igndul'^'^ 
that is 

which is exactly the first statement of the lemma. The proof for the second 
statement is similar. □ 

Remark 3.2. Since on a compact manifold these Sobolev embeddings are 
compact, it is easy to deduce that for 5' < 5, the Sobolev embeddings 

Lj'^(End(E),) ^ ^?,+2./,+(i_2/p)(End(i?).), 
L;'^(End(E),) ^ QV,_2(,_i)/,(End(i?),), 

are compact. 



Remark 3.3. The covering z = u can be used to extend to L^-spaces 

the L^-theory which will be done in section |[ 

Corollary 3.4. For k > and 6 + k + 1 > 0, one has the injection 

Lf (End(E)fc) ^ 

for any S' < S. 

Proof. By the previous lemma, if / G L^'^(End(£'),fc), then 

V/GLj'^(End(i?),)cL^^,_(,_y(,_,/^). 

Take p > 2 close enough to 2 so that 6' = 6 — {k — 1)(1 — 2/p), then we get 
V/ e li k + l + S' >0, this implies 

/ = /(0) + /', feC's'^,^,. 

Because / G Lg'\End{E)k), we see that /(O) = 0. □ 

We now have the tools to prove that the spaces defined in section | give 
us a nice gauge theory. 
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Lemma 3.5. The spaces L^2+5(End -E) and ^^^^^^(Endi?) (for p > 2) are 
algebras, and L^'2_|_5(Endi?) is a module over both algebras. 

Proof. We first prove that L_'^_^.5(EndE) is an algebra. 

We use the fact that Fk = ©j^fcEnd(i?)i is a filtration of Endi? by al- 
gebras. Take u G L^J^_^_g{End{E)k) and v G L^_li_^_g{Fk_i) , we want to prove 
that w = uv & -^-1+5) Fk is an algebra, it is sufficient to prove that 
is w/r'^ G L^_i and Dw G L^^^; the statement on w/r'' is clear, since 
V E and -u/r^ G now Dw = {Du)v + u{Dv), but M,f G C*^ and 

Du,Dv G implies G -^^^.i- 

The other statements are proven in a similar way. □ 

Proof of lemma |^. i| . The curvature of a connection D + aG^ is F = Da + 
a A a. From the definition of it is clear that Da G L^2+<5; the other 
hand, a G -^^^2+<5 -^^ i+<5' therefore a A a E L'^2+25 so F G L'^_2+5- 

1 12 

We want to analyze the condition Dgg^ G L^2+& defining the gauge 
group. Recall that we have a decomposition D = D^ + 0, and the fact 
that g is unitary actually implies that both D^gg"^ and [(l),g]g~^ are in 
L^2+<5 C LF_ij^i for any p > 2. The condition on [0, (7] implies (7^ G 
and therefore the condition on Dg implies dg G -^^1+^; finally, we get g G 
L^^^^(End £'), and by lemma lO] , 

<7fc G C5V-i-2(fc-i)/p(End(E)fc). 

By lemma |3.5| , we finally deduce that D^g and [0, g] are in J2+<5 
EndE'), which implies g G L^2+5(Endi?). 

It is now clear that 5f is a Lie group with Lie algebra L^J^^^(u{E)) . From 
lemma p.5| , it is easy to prove the other statements in lemma |2.1| . □ 

4 Analysis on the disk 

In this section, we give some tools to handle the analysis of our operators with 
strongly singular coefficients. In order to remain as elementary as possible, 
we restrict to L^-spaces, which is sufficient for our purposes. Moreover, we 
have to be careful about the dependence of the constants with respect to 
homotheties of the disk, since this is crucial for the compactness result that 
we will need later. 
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Lemma 4.1. For ap-form u with values in EndE, with compact support in 
A — {0}, one has 

j \Du\'^ + \D*u\^ = j \Vu\^ +\(t)®u\^. 

Proof. Integrate by parts the formula | Biq97 , theorem 5.4] 
D*D + DD* = V* V + ® . 

□ 

In particular, we apply this formula to get the following consequence. 
Corollary 4.2. If we have a 1-form u G L^J_2+5> vanishing on dA, then 

\\Du\\l2 +\\D*u\\l2 ^ c(\\\/u\\l2 +||0®'u||l2 ). 

On the End{E)k part for k ^ 2, the estimate is valid for all weights 6. For 
k = or 1, the estimate holds only for 5 > sufficiently small. 

Finally, the same estimate holds with the same constant c if we replace 
D by h*^D, where is the homothety h^{x) = xux in A, for w <1. 

Proof. First consider u section of End(£')fc for k ^ 2. For a positive function 
p(r) to be fixed later, one has by lemma |4.1|, 



On the other hand, 

\[D + D* , p^-^]u\ + \[V,p^~^]u\ ^ c\p'p-^u\. 

From these two estimates, we deduce 

Wp'-'iD + D*)u\\l2 ^ \\{D + D*){p'-'u)\\l2-\\[D + D\p^-']u\\l2 

^ c{\\p^-^Vu\\l2 + \\p^-^(j) ® u\\l2) - c'\\p'p-^u\\L2. 

Since ^ 2, we have an (algebraic) estimate 



r 



u\ 



where \k is the smallest modulus of nonzero eigenvalues of Ak. Now choose 
p in the following way : 

p{r) = r for r ^ ^, 
3 

p(r) = -e for r ^ e, 
^ p' ^ 1. 
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Using the fact that 4- ^ ^ for r ^ e, we get the estimate 



2e 

V^-<5„,||2 ^ o^ll ^1-<5^||2 <^ ^ II „l-<5^ ^ „,||2 



hence 



\\p'-%D + Z^*)n|U2 ^ (c - ^) {\\p'-\D + Z^*)^i|U2 + ®u\\l,). 
Choosing e small enough we get finally 

\\p'-'{D + D*)u\\l2 ^ I (||p'-'p + D*)u\\l2 + ||p'-'0 ® u\\l2) . 

As p coincides with r near 0, the norm \\p^^^ ■ ||l2 is equivalent to the L'^2+s 
norm, and the corollary is proven. If D is transformed into h^D, then Afc 
becomes zu^~^Xk which is bigger, so the estimate still holds (c and c' do not 
depend on D). 

In the cases = or 1, one can prove the estimate directly, but this 
is a bit more complicated. Another way to prove the lemma is to observe 
that in this case, by a conformal change, the operator D + D* is transformed 
into a constant coefficient operator on the cylinder with metric and 
it is clear that it has no kernel. It then follows that if 6 is not a critical 



weight (see remark [4.5[ ), the existence of the estimate follows from general 
elliptic theory for operators on the cylinder. Also, the homothety leaves 
invariant the operator for A; = or 1, and this implies that the constant does 
not change. □ 

Corollary 4.3. For k ^ 2, if we have a L'j-solution u with values in End(£')A: 

of the equation {D + D*)u = 0, then \u\ = 0{r"') for any real 7. 

Proof. Let Xeij') be a cut-off function, so that Xe"" = u for e < r < 1/2. We 
can choose Xe so that 

\dXe\ ^ -• 

r 

Then 

\{D + D*){xeu)\^-\u\. 

r 



By corollary [4.2| this gives 

\\V{XeU)\\Ll_^ + \\xM\q^,_, ^ c'\\{D + D*){XeU)\Wl_^ 

^ Cc'||M||r2. 
^ II 111.^- 

Taking £ — > 0, we get u G and Vu G Ll_^. Since k > 1, we can iterate 

the argument and deduce that u and Vm (hence d\u\) belong to for any 
7. The corollary follows. □ 
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Lemma 4.4. On the disk, the Laplacian 

D*D + DD* : L^'2+5(^^' ® EndE) ^ L^^+si^' ® EndE) 

wzi/i Dirichlet condition on the boundary, is an isomorphism for small weights 
6>0. 

If we restrict to the components End(£')„ © ■ ■ ■ © End(-E')2, then the same 
holds for any weight 6. 

Proof. Begin by the components in End(i?)fc for A; ^ 2. We claim that a 
solution of {DD* + D*D)u = f is obtained by minimizing the functional 



l^{\Du\' + \D*u\')-{u,v) 



among u G Lj^(End(i?)jt) vanishing on the boundary; indeed, by lemma ^ 
we have for such u 

J(\Duf + \D-uf)>cJ^-^, (4.1) 

so the functional is coercive and a solution can be found; note that it is 
sufficient to have r'^v G L^. The solution satisfies an equation 

{dd* + d*d)u = v + Po(^)+pJ^], 



where Pq and Pi are bounded algebraic operators, so by elliptic regularity 



u G L?^^_^. In conclusion we get, for the Dirichlet boundary condition, an 
isomorphism 

DD* + D*D : L^_i_, ^ L\_,. (4.2) 

Now we want to prove that this L^-isomorphism actually extends to all 
weights: we proceed by proving that the L^-inverse is continuous in the other 
weighted spaces. For any weight 7, it is sufficient to prove an estimate 

\\p^{DD* + D*D)u\\l2^^_^ ^ c||p^n||^2,2 ^, 

where p is some function which coincides with r near 0, as in the proof of 
corollary [4.2| . As in the proof of this corollary, the estimate is deduced from a 
control on the commutator [DD* + D*D, p^], obtained after a careful choice 
of p. The details are left to the reader. 
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Now let us look at the component End(£')i. Actually the estimate ( [4 .11 ) 
still holds, therefore the isomorphism ( [4 .21) is true, and remains true for small 
perturbations —2 + 6 of the weight —2. 

Finally, for the component End(i?)o, we simply have the usual Laplacian 
dd* + d*d on the disk to study in weighted Sobolev spaces, so it is a classical 
picture: the inverse is the usual solution of the Dirichlet problem on the 
disk. The question is to check the regularity in the weighted Sobolev spaces. 
It is useful to proceed in the following way, using general theory for elliptic 
operators on cylinders: the operator 

dd* + d*d : l!:2+5 ^ L^2+5 (4.3) 

translates on the cylinder into the operator 

Note that the operator for /c = 1 is just the same, with an additional term 
A^, where Ai is the eigenvalue of the action of Ai. 

Here the weight (5 = is critical, because of the solutions a + 6t in the 
kernel of ( [4.4|) . Nevertheless, for small 5 7^ the operator ([4.4|) becomes 



Fredholm, and because the operator is selfadjoint, we get by formula |LM85 



theorem 7.4] the index +1 for small negative 5 and —1 for small positive 



5. Coming back on the disk, this means the operator ( |4.3| ) has index —1. 
As L'^_12+s -^^2+(5 codimension 1 by (|3.4| ), this means that dd* + d*d : 
L^2+<5 ~^ -^^2+5 index 0. Therefore it is an isomorphism. □ 



Remark 4-5. On the End(£')o©End(£')i part, the theory of elliptic operators 
on cylinders gives also information for all weights 6. Namely, the problem is 
Fredholm if 6 avoids a discrete set of critical weights (corresponding to the 
existence of solutions {a + bt)e~^^). This easily follows from the following fact: 
if one considers the problem (^4.4| ) on the whole cylinder (or, equivalently, 
DD* + D*D on — {0}), then it is an isomorphism outside these critical 
weights. 

Finally, we deduce the decay of the solutions of the selfduality equations. 

Lemma 4.6. // we have on the disk a solution a G L^j^+si^^ ® EndE) of 
an equation {D + D*)a = aQa, then in the decomposition a = Y^ak we have 
the following decay for a: 

1. if k ^ 2, then \ak\ = 0{r^) for any 7; 
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2. ifk = Oor 1, then \ak\ = 0{r-^+^). 

Proof. We have L]^2+s -^-1+5 P- other hand, for q > 2 close 

enough to 2, one has the inclusion L^2^_5(End(ii^)fc) C L'^_2+k- Now take p 
big enough so that l/p + l/q = 1, we get a G -^^^3+^+5- In particular, 
we deduce that (a © a)^ G L'^-^_^k+5 ^^r al\ k ^ 2. It is now easy to adapt the 
proof of the corollary ^]3| to get G -^^3+2^+5 ^^r all k ^ 2, and therefore 

Iterating this, we get that for k ^ 2 one has G L^'^ for any 7, and we 
deduce the bound on ak- 

For the 6 = oq + cii part, we can write the problem as 

{D + D*)b = b Q b + small perturbation, 

with an initial bound b G L^2+^, and therefore 6 6 G -^^2+25 f*-*^ p > 2. 
This is now a problem which translates into a constant coefficient elliptic 
problem on the conformal cylinder, so that elliptic regularity gives at once 
b G L%s C Cl,+s- □ 



5 Moduli spaces 

Consider now a compact Riemann surface X with finitely many marked 
points Pi, and a complex vector bundle E over X, with a hermitian met- 
ric h. Choose an initial connection Dq on E, such that in some unitary 
trivialization of E around each pi, the connection Dq coincides with the local 
model (|1.6|) . Of course on the interior of X — {pi}, the connection Dq is not 
flat in general. 

Define r to be a positive function which coincides with \z\ around each 
puncture, then we can define global Sobolev spaces on X as in section 0, and 
therefore a space of connections £/ = Dq + L^J^^g{Q^ (g) EndE), and a gauge 
group 5^ as in (|2.6| ) acting on 

The result |4.4| on the disk now implies globally. 
Lemma 5.1. If A E £^ , then the operator 

D\Da : L%Av.{E)) ^ L\^,{u{E)) 
is Fredholm, of index 0. 

Proof. First it is sufficient to prove that the Laplacian DqDq is Fredholm, 
because the 1-form a G L]^2+si^^ ® EndE) gives only a compact pertur- 
bation, see remark \i.2\ For D^Dq, we can glue the inverse coming from 



18 



lemma [4.4| near the punctures with a parametrix in the interior, this gives a 
parametrix which is an exact inverse near infinity, implying that the operator 
is Fredholm. 

Let is be the index of the slightly different operator, 

Ps = DID, : L'^,_,ME)) - L\^s{<E))- 

this means that we now do not allow nonzero values at the origin for the 
End(i?)o part. We claim that 

is = -i-5, (5.1) 
— "^-.5 = — 2 dimu(£')o. (5.2) 

From these two assertions, it follows immediately that 

is = -dimu(i?)o, 

and therefore the index of the initial operator is 0. 

Now let us prove first (|5.2| ). We have to calculate the difference between 
the indices of Ps and P^s- The operator does not change in the interior of 
X, so by the excision principle, the difference comes only from what happens 
at the punctures, and it is sufficient to calculate it for the model Dirichlet 



problem: this has been done in lemma ^]4| and its proof. 

Now we prove (|5.1|). This comes from formal L^-selfadjointness of Ps: 



observe that the dual of identified to ^, therefore the cokernel of 

Ps consists of solutions u G of the equation D^Dqu = 0. The behavior 
of such a u comes from lemma [4.4|: near the punctures, the components 



Uk for k ^ 2 decay quicker than any r^. This fact combined with elliptic 
regularity implies u G L^2_5(u(£')), that is m G ker P_5. Therefore coker = 
kerP_5. □ 

We want to consider the quotient space ^/^. If A G ^2/ is irreducible, 
then Da has no kernel and the cokernel of D^ is simply the kernel of D\. 
From this and the lemma, it is classical to deduce that the irreducible part 
_g^«rr^c^ of the quotient is a manifold, with tangent space at a connection A 
given by 

T[A](=c/*"7^) = {a G L^2+5(^^ ® End£;),Im(P)» = 0}. (5.3) 
The moduli space ^ C ^2//^ we consider is defined by the equations 

Fa = 0, Ga = 0. (5.4) 
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These equations are not independent, since writing A = A'^ + (pA, we have 
the decomposition of and Ga into selfadjoint and antiselfadjoint parts 
given by 

Fa = DA+<j)A + {FA + (pAA(f)A), 

AG A = -ADA+(l)A + iD*A+(pA- 



Therefore, as is well-known, the equations ( ^.41) are equivalent to 

Fa = 0, D\+^A = 0. (5.5) 

The space =2/ is a flat hyperKahler space, for the standard L^-metric, and 
with complex structures J, J and K = IJ acting on a G ® End(£') by 

J(a) = m, J(a) =z(a°'i)*-?(a^'°)*. (5.6) 

The complex structure / is the natural complex structure on connections, 
and J is the natural complex structure on Higgs bundles. 

Hitchin | [Hit87| ] observed that the equations ( p. 51 ) are the zero set of the 
hyperKahler moment map of the action of ^ on £/. The linearization of the 
equations ( ^.5|) is simply 

DAtt = 0, Re(D^a) = 0. (5.7) 

If [A] G there is an elliptic deformation complex governing the deforma- 
tions of A: 

L%si<E)) ^ L%si^' ® EndE) ""^^ Ll^+sii^' ® EndE) © iu{E)) 



As in the proof of lemma |5.1| , the Laplacians of the complex are Fredholm, 
with index 0, and we get the following result. 

Lemma 5.2. The cohomology groups of the deformation complex are finite 
dimensional. □ 



Lemma 5.3. If A G , then there is a gauge in which near a puncture, 



A = Do + and a decays as in the conclusion of lemma ^76. 



Proof. We can write globally A = Dq + a. Let Xe be a cutoff function, such 
that 

1. Xe = 1 ill ci disk of radius e near each puncture; 
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2. Xe = outside the disks of radius 2e near each puncture 

3. \dxt\ ^ c/r for some constant c. 

Consider the connections = Do -\- XeO-- This is a continuous path of 
connections in converging to Dq. 

Claim (Coulomb gauge). For e sufficiently small, there exists a gauge trans- 
formation G 5f , such that 

lm{D*,{gMe)-Do))=0. (5.8) 

Suppose the claim is proven, fix some e for which we have a Coulomb 
gauge; since A = in a disk of radius e near the punctures, this means 
that, restricting to this disk, 

ge{A) = Do + a, Im D^a = 0. 

Using this condition, the equations with linearization (|5.7D, can be 

written {Dq + -Do)a = a © a and the result follows from lemma [4.6| . 

It remains to prove the claim. We try to find g^ = e" solving the equation 
(|5.8| ), with u G L'^_ll_^_g{u{E)) . The linearization of the problem is 

D;DoU = lmD;{xea). 



But the operator DqDq is Fredholm of index by lemma pA\ . If it is invertible 
then by the implicit function theorem, we get the solution g^ we wanted. If 
not, we still get an isomorphism after restricting to the space kei^D^DQ)-^] 
fortunately, the operator lmDQ{e^{A) — Dq) takes its values in the same 
space, so we can still apply the implicit function theorem after restricting to 
it. □ 



If A is irreducible, then the kernel of Dj^ on End(£') vanishes, and is equal 
to the kernel of D\ on fl'^ ® End E. From lemma ^.2| , it now follows that the 
equations (p. 41) are transverse, and we therefore get the following result. 



Theorem 5.4. The moduli space is a smooth hyperKdhler manifold, 

with tangent space at A given by 

TiA]^ = {a G L^{Q^ End E),DAa = 0,D\a = 0} = L'^H\EndE). 

The metric is the natural E^-metric. Under the secondary assumption (Ai is 
semisimple), the metric is complete if the moduli space ^ does not contain 
reducible points. 
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Proof. First we prove that L^-cohomology calculates the of the elliptic 
complex. We have to prove that a L^-harmonic 1-form actually belongs to 
the space L'j_2+s- This is the infinitesimal version of lemma [4.6| and is even 



-2+5- 

simpler to prove (and because the equations are conformally invariant, one 
can do the local calculations on the disk with respect to the fiat metric). 

The difficult point is to prove that the metric is complete. Suppose we 
have a geodesic curve {[At]) in ^ parameterized by arclength, of finite length 
i. We want to extend it a bit. We can lift it to a horizontal curve {At = 
Aq + at), hence df satisfies 

{DA, + DX)at = 0, (5.9) 
\dt\^ = 1. (5.10) 

X 

These two equalities do not depend on the metric on X. If we choose a metric 



g, then, decomposing Vaj = we get the Weitzenbock formula ||Biq97| , 

theorem 5.4]: 

{Vt)*Vtat + (j)*t(f)tat + ^-^at = 0. 

We cannot integrate this equation against at for a smooth g, because the 
integral is divergent. Nevertheless, we use the freedom of the metric to 
choose g which coincides near each puncture with the fiat metric 

\dz\^ 



U|2(l-5') 



for some local coordinate z and some positive 6' < 6. Because dt G L^J^ 
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now one can integrate by parts and get 

/ (|V+dt|2 + \(f)tdt\^ + ^^\at\^)vol' = 0. 
Jx ^ 

Here all norms are taken with respect to g. Because the scalar curvature of 
g is bounded, and using Kato's inequality, we deduce 



\d\at\Yvol^ ^ c / \dtY ^ c. (5.11) 
X Jx 

Since the L^-norm of 1-forms in conformally invariant, we can write on each 
disk near a puncture this equality with respect to the fiat metric \dz\^: 

I \d\dt\g\^\dz\^ = [ \d\r^-^' dt\\^\dz\^ ^ c. (5.12) 

Jr<l Jr<l 
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Claim. One has the estimate 



/ \r-'^^f\'\dz\'^c( [ \dmdz\'+[ \ff\dzA. 

Jr<l \Jr<l J^<r<l J 

Using the claim, we deduce from ( |5.10D and ( [5.12[ ), for some positive 
b" < 5' the estimate 



r^-'"d\dt\\^ + \r-'"dt\']\dz\' ^c. 



In particular, the L^-estimate is now slightly better than (|5.10|) . Furthermore, 
the Sobolev embedding p.l|) implies 



||d/||rP ^ C. 

This estimate holds on every disk near the singularities, but also in the 
interior of X, applying the Sobolev embedding to hence it is now a 

global estimate on X. Since at = /g dtdt, we get also the estimate on X: 

WaAlfP ^ c. 
Now rewrite the equation ( |5.9|) in the form 

{Daq + D*^Jdt = atQdt. 
Choose 6" so close to 6 that 26" ^ 6. Then, from the multiplication 

7-4 .7-4 ^ r2 ^ t2 

^-1+5" ^-1+5" ^ ^-2+25" ^ ^-2+&i 

we deduce that ht remains bounded in L^J^^+si which means that at has a 

1 2 m 

limit a£ in L^^+s when t goes to t. The limiting Aq + a^ is again a solution of 
Hitchin's equations, so represents a point of ^ . Since there is no reducible 
solution, it is a smooth point and the geodesic can be extended. 

There remains to prove the claim. It is a simple application of ( p.2| ): 

|rf/|V^r > j \r'df\^\dz\^ ^cj |r-i+7|V^r 

if / vanishes at the boundary. If not, then use a cut-off function x so that 
X = 1 for r ^ |, and apply the above inequality to xf- 

I \dmdz\' + jmdz\'^ J / \r-'^'xmdz\'. 

The claim follows. □ 
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6 Complex moduli spaces and harmonic met- 
rics 



There are two complex moduli spaces that we would like to consider. We still 
have some reference connection Dq and recall that we can decompose 
Do = + 00. 

We have defined the unitary gauge group 5f by the condition D^gg^^ G 
L^^2+5- This condition implies that both D^gg'^ and g(f)og~^ are in L]^2+s- 

For complex transformations, this is no longer true, and we have to define 
directly the complexified gauge group as the space of transformations 

1,2 



g G GL{E) such that D^gg ^ and gcpog ^ belong to Lj2+5- As in lemma ^ 
this definition makes into a Lie group with Lie algebra 

Lie(^c) = i^'j2+5(EndE). 

We now complexify the action of ?f on ^ for both the complex structures / 
and J. 

For the first complex structure, the action is simply given by 

D — > goDog-^ = D- Dgg-^ 

and the associated moduli space is the moduli space of fiat connections on 
defined by 

^DR,an = {A ^ , Fa = Oj/^c- (6.1) 

The DR subscript means "De Rham" moduli space, as in Simpson's termi- 
nology, and the "an" is for "analytic" , by contrast with the moduli space of 
fiat connections ^DR,aig with some fixed behavior at the punctures that one 
can define algebraically. 

For the second complex structure, we get a different action, namely the 
action of '^c on seen as a space of Higgs bundles: a connection A = 
Dq + g & can be identified by ( |1.4| ) with the Higgs bundle {Ba, Oa), writing 

and the action of the complexified gauge group is simply 

{Ba, 6a) — > {godAO g'\ gdAQ'^)- 

The associated moduli space is 

'<Dol,an = {Ae^,GA = Oj/^C- (6.2) 
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Again the subscript "Dol" stands for Dolbeault moduli space, and the "an" is 
used to distinguish with the algebraic moduli space ^Doi,aig of Higgs bundles 
with Higgs field of fixed polar part at each puncture. 

In the two cases there is a notion of (analytic) stability which leads to 
spaces ^DRan ^DR,an and ^£,oi an <^ ^Doi,an- In both cascs, Stability 
means that for some class of subbundles, the slope of the subbundle (the 
analytic degree defined by the metric, divided by the rank) must be smaller 
than the slope of the bundle. Here we will only recall the definition and refer 
the reader to ||Sim90| , section 6] for details. 



In the Dolbeault case, the class of subbundles to consider is the class of 
holomorphic L^'^-subbundles, that is holomorphic subbundles ^ (outside the 
punctures), stable under the Higgs field, and defined by an orthogonal pro- 
jection TT such that (9a vr G L^. The corresponding analytic degree is obtained 
by integrating the curvature of the connection induced on the subbundle by 
the metric, 

deg'^"^ = ^ j tr(7rFA) - |D>|2 



^ j tr(7rFA+) - I^Avrll 



In the DeRham case, there is a similar picture: one has to consider fiat 
subbundles defined by an orthogonal projection tt such that Djiji G L^. On 
a compact manifold, the degree of a fiat subbundle is always 0, and stability 
reduces to semisimplicity, that is there is no fiat subbundle; in the non- 
compact case, the parabolic structure at the punctures may have a nonzero 
contribution to the degree of a fiat subbundle. 

Theorem 6.1. Suppose deg"""" E = 0. Then the natural restriction maps 

are isomorphisms. 

We will prove the theorem in section pi 



7 The Dolbeault moduli space 

In this section, we prove that elements of the analytic Dolbeault moduli space 
^DoLan actually correspond to true meromorphic Higgs bundles, with fixed 
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parabolic structure and fixed polar part of the Higgs field, on the Riemann 
surface X. This gives a correspondence between J^f)^i ^Doi,aig- 

In X — {pi}, a Lj^^^-9-operator has holomorphic sections which define a 
structure of holomorphic bundle. The remaining question is local near the 
punctures. Fix the local model Dq around a puncture as in section |l|, with 
underlying Higgs bundle given by (|1.7|): 

o o ^ ^ r A ^ 1 ^ ^ dz (3dz 

do = d-- Re A — , eo = -Y,A—-^ — . 

2 z 2 ^ z^ 2 z 

Now consider a Higgs bundle ((9o + a, + ''^) ^ ^ ■ The following lemma 
enables to take the 5-operator to a standard form. 

Lemma 7.1. There is a complex gauge transformation g, defined in a neigh- 
borhood of the origin, such that 

1. g is continuous, and in the decomposition g = go + ■ ■ ■ + gn, one has 
gi/r^~^^^ continuous for some 5' < 5; 

2. g{d^ + a) = d^. 

To prove the lemma, we first need the following statement. 
Lemma 7.2. Take 5 G R — Z and p > 2. Then the problem 

-¥z=' ^^-'^ 

in the unit disk has a solution f = Tog such that 

ll/IIco,,, ^ c||,|U.^^^. (7.2) 
The same is true, — ReA ^ Z, for the problem 

df ^Xf 
9i+2i = ^- 



Proof. First one can restrict to the case < 5 < 1. Indeed, ii 6 = [6] + 6o 
then the problem ( [7.1|) is equivalent to 



dz 

and the wanted estimate ( [7.2|) becomes equivalent to the estimate 
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Hence we may suppose < 5 < 1. 

Now for this range of 6, we claim that the Cauchy kernel 

/(.) = / l^\M' 



z — u 

gives the inverse we need. Indeed, by the Holder inequality, we get 



1/(^)1 ^ Ml^ 



\du\ 



£-1 

V 



2+5 \ j I |2-5^| 

U\ P-^ \Z — M 



and the result follows from the estimate 

\du\' 



U\ \Z — M P-i \z\ 



which is left to the reader. 

For the second problem, observe that 

d X . d . 
— - -| — - = r o — - o r . 

dz 2z dz 

If 5 — Re A ^ Z, we can take the inverse 

□ 

Proof of lemma \7.1\ . Define spaces of m G End E and a E ® End E by 

Us = G C°_i+5,Mo G 

As = {a,ak e L^_2+s+k^^o ^ ^^^i+s}- 

Observe that since a G L]^1+.sj have G L^+f^^2~e ^y lemma ^TT|, and 
therefore a G As' for some weight S' < S. 

The problem g{do + a) = do can be written (with g = 1 + u) 

Bqu — ua = a. (7.3) 



The operator do is of type studied in lemma \l.2\ , hence we get a continuous 
right inverse T : As' Us'. We find a solution u G Us' of ( [7. 3D by a fixed 
point problem, looking at a solution u G Us' of 

u = T{ua + a). 
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For this, we need u T{ua + a) to be contractible; but 

\\T{ua + a) — T{va + a)||;7 ^ c\\u — v\\u\\a\\A, 

so this is true if ||a|U is small enough. 

Let /iro be a homothety taking the disk of radius 1 to the disk of radius 
then it is easy to see that 

||/i^a||A ^ cu'^llallA- 

On the other hand, the operator do is unchanged by the homothety /i^, so 
for w small enough, the operator u — T{ua + a) becomes contractible and 
we can solve the problem. □ 

From the lemma, we deduce a basis of holomorphic sections for Ba-, as in 

This basis defines a holomorphic extension of the bundle Oa) over the 
puncture, which is characterized by the fact the sheaf of holomorphic sec- 
tions of this bundle is the sheaf of bounded holomorphic sections outside the 
puncture. Moreover, the growth of the holomorphic sections is the same as 
the model ( |1.9| ), that is 

k.l ~ (7.4) 

with Q!j = Re /ij — [Re /i,] , and these different orders of growth define on the 
extension a parabolic structure, whose weights are ai, . . . , Or- 
Finally, in the holomorphic basis (cxj), the Higgs field becomes 

e = g{9o + ^)g-' = 9o + ^' = g[9o, g-'] + g^g-\ 

and we now have simply dd' = 0. From the bounds on g in the lemma, we 
deduce that actually ^' is holomorphic, therefore the polar part of the Higgs 
field is exactly, as in (|1.1CI|) , 

1 , dz B dz 

2 ^ z^ 2 z 

The above construction means that we have constructed a map 

(7.5) 
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by defining a canonical extension. Actually, writing ( |7.5| ) is not completely 
correct, and it would be better to say that we have a functor between the two 
corresponding categories (indeed one can prove that morphisms in the space 
extend to holomorphic morphisms of the extensions). This functor is 
actually an equivalence of categories, because the arrow (|7.5| ) can be inverted 
through the following lemma. 

Lemma 7.3. Let ((f , 6) be a meromorphic Higgs bundle on X , with parabolic 
structure at the punctures having weights ai, . . . , a^, and polar part of the 
Higgs field given at each puncture by -Sj^, with the Bi diagonal matrices. 
Then there exists a hermitian metric on S such that the induced connection 
A = d"^ + d"^' + 9 + 9* belongs to a space of connections with datas 
and at the punctures. The bundle {£', 9) can be recovered from {Ba-, 9a) 

as its canonical extension. 

Proof. The problem consists in constructing an initial metric h on S . In 
order to simplify the ideas, we will restrict to the case where i?„ is regular 
semisimple, but the general case is similar. Take a basis (cTj) of eigenvectors 
of (Sp at the puncture j9, and extend it holomorphically in a neighborhood. 
The action of a holomorphic gauge transformation g = of S' on the Higgs 
field is by 

9 — ^ g9g^^ = exp(adM)6'. 

Prom this it is easy to see that by a careful choice of u, one can kill the 
off-diagonal coefficients of 9 to any finite order. Therefore we can suppose 
that in the basis (a^), we have 



1 

where is holomorphic, and the off-diagonal coefficients of vanish up to 
any fixed order. Now we choose the fiat metric 

h = 

V 



\Z 



2a,. 



It is clear that in the orthonormal basis = we get exactly the fiat 

model (pTTp, that is 

A = d'' + d'' + 9 + 9* = d + Re{A^)ld9 + i ^ {A~ + A*%) - P— + a, 

^ ^ Z Z 
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with notations as in section |I|. In the perturbation a, the diagonal terms 
are C°°, and the off-diagonal terms can be taken to vanish to any fixed high 
order. In particular, we get an element of . Actually we have obtained 
much more, because vanishes up to any fixed high order (the diagonal 
terms do not contribute to the curvature). □ 

Remark 7.4- The extension property for the holomorphic bundle alone (no 
Higgs field) follows from earlier work: the connection has curvature in 
some for p > 1 and this implies that a canonical extension as above exists 
Biq92|] . Actually we also need to make precise the singularity of the Higgs 



field in the extension: this requires the calculations above. 



Finally, we prove that stability on both sides of ( |7.5|) coincide, transform- 
ing the equivalence of categories ( [7.5|) into an isomorphism of the moduli 

spaces. 

First we have to introduce an algebraic notion of stability. A meromorphic 
Higgs bundle (<f, 9) as above has a parabolic degree 



p-deg"'^^ = ci(^)[X] + 5^ 



if there are several marked points, one must add the contribution of the 
weights of each marked point. Subbundles of S' also inherit a parabolic 
degree, and this enables to define stability. 

Lemma 7.5. Let {Oa, Oa) & .s/ he a Higgs bundle and {S', 9) its canonical 
extension on X. Then (9^,0^) analytically stable if and only if {(S',6) is 
algebraically stable. 

Proof. The point is to prove that a holomorphic L^'^-subbundle (stable un- 
der the Higgs field) extends into an algebraic subbundle of S", and that the 



algebraic and analytic degrees coincide. Because of remark [7.4| , this is a 



consequence of the same statements in [[Sim90||. □ 



8 The DeRham moduli space 

We will not give any detail here, since this is completely parallel to the results 
of section ^ We only prove the following technical lemma, which is necessary 
for solving the 9-problem on components of End(i?)fc with k ^ 2. 
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Lemma 8.1. Take p > 2, k > 1 and 5 G R — Z. Then the problem 



dz z 



has a solution f = Tg such that 

Ic? ^ c||c/||iP_ 



-l+S 

The constant c does not depend on A. 
Proof. The function 



1^ — g (fc-l)z'=-l (fc-ljz*^-! 



is a solution of |^ + ^/ = 0, such that \(p\ = 1. Let Tq be the inverse defined 



dz 

by lemma [7.2| , then 

satisfies the requirements of the lemma. □ 

An element of the moduli space ^DR,an is represented by a flat connection 
A G . The holomorphic bundle underlying A has the 5-operator D^J^ . As 
in the previous section, relying on lemmas T71 and ?!T, near a puncture it is 
possible to produce a complex gauge transformation g such that 

Therefore we have ^-holomorphic sections (xj) given by 

and this basis of holomorphic sections deflne a canonical holomorphic exten- 
sion ^ over the puncture. 

With respect to this extension, A becomes an integrable connection with 
irregular singularities, and the polar part of A remains equal to that of the 
model, 

dz ^ dz 

z 

so that we get an element of the moduli space ^DR,aig of such integrable 
connections. 
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Also the extension has a parabohc structure with weights (3i, and this 
enables us to define a parabolic degree p-deg*^'^ ^ and therefore the algebraic 
stability of {^,A). 

We finally have all the ingredients of the isomorphism 

^DR,an ^ ^DR,alg- 

Remark 8.2. The weights 7^ of the local system are the order of growth of 
parallel sections on rays going to the singularity. From the above formula, 
they are equal to 

7i = /5i - Re /ii = -2 Re Aj. 
, proposition 11.1], the parabolic degree of ^ is 

p-deg'^'^^ = ^7., 

where the sum has to be understood for all punctures. In particular, if all 
weights 7j are taken to be zero, then the same is true for subbundles, so the 
degree for subbundles is always zero, so that stability reduces to irreducility 
of the connection. 

Sufficient stability conditions 

We will describe some simple conditions on the parameters such that all 
points of are stable. Suppose A is a meromorphic connection on a 

holomorphic vector bundle — ^ X as constructed from the extension pro- 
cedure above. Thus in some local trivialisation near the zth singularity the 
polar part of A takes the form of the model 

where Zi is a local coordinate and Aj are diagonal matrices. We wish to 
assume now that all of the leading coefficients i4„. are regular (have distinct 
eigenvalues). Note that the eigenvalues of the residues Ai are uniquely de- 
termined by A upto order (independent of the coordinate choice). Now if 
^ is a. subbundle of S' preserved by A we may choose a trivialisation of 
putting the induced connection on ^ in model form (with residues *Bi say) 
and then extend this to a trivialisation of (S as above. In particular it follows 
that the eigenvalues of *Bi are a subset of the eigenvalues of Ai. However 
(by considering the induced connection on det(i^)) we know that the (usual) 
degree of S is minus the sum of traces of the residues: 

deg(^) = -5^tr(Mi) 



By pi^ 



32 



and similarly for Thus we can ensure that A has no proper nontrivial 
subconnections by choosing the models for A such that none of the (finite 
number of) "subsums" 

i j€Si 

of the residues is an integer, where Si C {1, • • • ,rank(^)} are finite subsets 
of size k and k ranges from 1 to rank((^) — 1. Thus under such (generic) 
conditions any such connection A is stable. 



An example 

Let ^ be a moduli space of integrable connections with two poles on the 
projective line of order two at zero and order one at infinity. Consider 
the subspace ^* C ^ of connections such that the underlying holomor- 
phic bundle is trivial. Therefore points of ^* are (globally) represented by 
connections of the form 

, dz dz , . 

d + Ao^ + B—. 8.2 

z^ z 

We will assume that is diagonal with distinct eigenvalues and that none of 
the eigenvalues of B differ by integers but allow arbitrary parabolic weights. 
It then follows that the model connections at zero and infinity are 

. . dz .dz . ^ dz ,^ ^, 

rf + Ao^ + A— , d + Bo— (8.3) 

Z'^ z z 

respectively, where A is the diagonal part of B and Bq is a diagonalisation 
of B. Once these models are fixed we see that B is restricted to the adjoint 
orbit G containing Bq and has diagonal part fixed to equal A. Since Aq is 
fixed and regular the remaining gauge freedom in (|8.2|) is just conjugation 
by . Now if we use the trace to identify G with a coadjoint orbit and so 
give it a complex symplectic structure, then the map 8 : G ^ taking B 
to its diagonal part is a moment map for this torus action and so we have an 
isomorphism 

of the moduli space with the complex symplectic quotient at the value A of 
the moment map. 

On the other hand, the same symplectic quotient underlies a complete 
hyperKahler metric obtained by taking the hyperKahler quotient of Kron- 
heimer's hyperKahler metric | p:lro9U|| on G by the maximal compact torus. 
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Nevertheless, in general this quotient metric on ^* does not coincide with 



the metric of theorem |5]J, because that is a complete metric on which 
is larger, as we will show below. Therefore, varying Aq in the regular part 
of the Cartan subalgebra leads to a family of hyperKahler metrics on G jjT^ 
which become complete in a larger space. We remark that in this example 
the full space ^ may be analytically identified (cf. ||Boa014 Poa|| ) with 



the complex symplectic quotient S£ jjT^ of a symplectic leaf =Sf C G* of the 
simply connected Poisson Lie group G* dual to GL^iG). 

Lemma 8.3. There are stable connections on non-trivial bundles with mod- 
els of the type considered in the above example. 

Proof. We will do this in the rank three case (this is the simplest case since 
then dime = 2; one may easily generalise to higher rank). Suppose we 
have g G GLs{C) and diagonal matrices Aq,Bq such that AQ,e'^^'^^o have 
distinct eigenvalues and 

1) the matrix entry ((7^^^40(7)31 is zero, and 

2) the pair of diagonal matrices —B'q,A := SlgB'^g^^) have no integral 
subsums (in the sense of (|8.1| )). 



Then consider the meromorphic connection on the bundle ^(1)©^©^(- 
defined by the clutching map h = diag(z, 1, z~^) and equal to 

d + g 'Aog— + B'o— 

z^ z 

on C C P^. Assumption 1) implies this is equivalent to the models 
at and 00, with Bq = B'q -\- diag(l,0, —1). Then assumption 2) implies it 
is stable. Finally one may easily construct such matrices by observing that 
companion matrices have zero (31) entry. For example 



An = X\ 2 , Bn 






have the desired properties if A is nonzero and p, q, r are sufficiently generic 
(e.g. if {l,p,q,r} are linearly independent over the rational numbers). □ 
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9 Proof of theorem |^7l| 

We will prove only the most difficult way, that is the isomorphism with the 
Dolbeault moduli space. We start with a stable Higgs bundle {Baq, 0Ao) ^ i 
satisfying the integrability condition (-0^^)^ = 0, that is 

and we try to find a complex gauge transformation g G taking it to 
a solution A = g^Ao) of the selfduality equations, that is satisfying the 
additional equation 

Fa = 0. 

This problem is equivalent to finding the Hermitian-Einstein metric h = g*g 
on the Higgs bundle. 

The idea, as in |[Biq97|, section 8] is to minimize the Donaldson functional 



M{h) for h = g*g under the constraint 

IIAF,^ , J|r2 ^B. (9.1) 

We need the two following technical lemmas. 

2 2 9 

Lemma 9.1. If f & ^~2+5 ^''^^ 9 ^ ^'^^ positive functions such that 

Af ^ g and ||o||r2 ^ B, then 

— 2-\-6 

\\f\\co^Co{B) + c,{B)\\fU., 
(^i^d II /lie" 9oes to when ||/||li goes to zero. 



Proof. This follows easily (see ||Sim88| , proposition 2.1]) from the fact that 
if f G L^2+<5) then the problem Am = f on the unit disk, with Dirichlet 
boundary condition, can be solved with u G -^^'2+5 C C°. □ 

Lemma 9.2. // we have a sequence of metrics hj = hoUj with 
1. hj has a -limit h^o; 



2. Uj G L'^J^2+5 ^'^'^ satisfies the constraint 

3. \\D'^^Uj\\L2 is bounded; 

then the limit is actually a L^2+<5"^^™^-' ^00 = ^o'^oo ciiT'd Uoo G L^2+<5- 
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Proof. This is a local statement. Outside the puncture, the statement is 
proven for example in ||Sim88| , lemma 6.4], the point here is to prove that 
C°-convergence implies the convergence in our weighted Sobolev spaces. 

Note D = Dao, D" = -D^g, etc. We use the freedom, from the proof of 
lemma |7.3| , to choose an initial metric h with AF^ bounded. Observe that 
because of the formula 

{D")*D" - [D'YD' = iAF\ 

the hypothesis on ||Z}"mj||£^2 also implies that ||D'Mj||i2 is bounded. 
We have the formula 

{D')*D'uj = iUj{kF^^ - KF^) + ik{D"uj)u^^{D'uj). 

Let X be a cut-off function, with compact support in the disk, such that 
x|ai/2 = 1- Then we obtain 

{D'YD'xuj = ixUj{AF^i - AF^) + iA{D"uj)u-\D'xUj) 

+ dxQDuj + ^{Ax)uj (9.2) 

In particular, we get 

^ + \\DW\LtMD'xu,\\Lt,J (9.3) 
Notice that, by corollary ^]2|, because (-D')^ = 0, we have 

WiD'YD'xu.yi,^^^ ^ cp'x«,||^.,2^^ ^ c\\D'xu,ht^^^ 

and therefore from 

\\D'xUj\\Lh2^^il - c\\D"uj\\Li_J (9.4) 

The important point here is that all constants are invariant by homothety. 
Indeed the L^-norm of 1-forms is conformally invariant, so \\{D" © D')u\\l2 
remains bounded; the same is true for the Li^-norm of 1-forms; in corollary 
0| , the constants do not depend on an homothety; finally, in the Sobolev 
embedding 

Mxf)\\L^_,^,>c\\xfhu^^, 

the norms on both sides are rescaled by the same factor under an homothety. 
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Now suppose that there exists some disk Ap of radius p such that for all 
j one has 

ll^'SllLi,(Ap) < ^; 

then, because this norm is invariant under homothety, we can rescale the 
disk Ap by the homothety hp to the unit disk A, and applying ( p.4| ) we get 
that xh*pUj is bounded in i^^2+<5' ^^"^ S^t the lemma. 

Now suppose on the contrary that there exist radii pj —>■ such that 

P'S-||Li,{Ap^) > 

by taking some smaller pj, one can arrange it so that actually 

||^'S-||Li,(A,^.) + \\D'u,\\Lt,(A,^) = ^- (9.5) 

We will see that this hypothesis leads to a contradiction. First we prove 
that the "energy" in ( p.5| ) cannot concentrate near the origin. Again using the 
homothety hp-, we deduce from (|9.4| ) that D'{xh*p.Uj) is bounded in L]^1_^_s; 
of course one must be a bit careful here, because these L^'^-norms do depend 
on j, so we actually mean (write Dj = h*p.D) 

\\D'^{xh%u,)h^_^^^ + ||(V^" © ^ ^' ^9.6) 

in particular, 

is bounded, and because of the compact inclusion L]^1_^_s C L^i (see remark 
p.2| ), we deduce that the functions \Dj{xh*p.Uj)\ converge strongly in Li^ to 
a limit (and the same is true for \Dj {xh*pjUj)\) . 

Actually, we can deduce a bit more from (|9.6|): indeed, the operators 
Dj = h*p.D become very close to the model h*p.DQ when j goes to infinity, so 
it is enough to suppose that D = Dq near the puncture; now for components 
u{k) for k ^ 2, we have by (|9.6| ) 

^p;.(x/^;,«,(fc))IL._^^^ ^ U,^D'^ixh%u,ik))\y.^^^^c- 

and therefore the limit in Li^^ of \Dj{xh*p.Uj{k))\ must be zero. 

Therefore we are left with only the limit of the components with = or 
k = 1: observe now that on these components, the operator Dq is homothety 
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invariant, so it makes sense to look at the limit of the operators Dj. Recall 
that Uj has a C^-limit, and pj 0, so that h*p.Uj has a constant limit. We 
deduce that actually, for components of uj with A; = or 1, the limit in L^-^ 
of {Dj © Dj){h*^xUj) must be 0, which implies 

\\D"uj\\Li,{A. ) + \\D'uj\\Li^^ ) ^ 0- 

Therefore we have proven, as announced, that the "energy" ( |9.5D cannot 
concentrate near the origin. We deduce that there exist points 



such that 



l^'SIUi,(A,^.(.,)) ^ Y55^- (9.7) 



Now we rescale the disk Aip.{xj) centered at xj into the unit disk A by a 
homothety hj] a similar argument gives from (|9.2| ) the estimate 

\\x{h'^ru,h^a^c{i + \\v{h'^ru,\\l)^c. 

Hence we can extract a strongly L^'"^ convergent subsequence {h'j)*Uj, but 
the limit must again be flat, and this contradicts the fact that by (|9.71 ) the 
L^-norm of {D' ® D") {{h'^Yuj) on Ai is bounded below. □ 
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Using these two lemmas, the proof is now a standard adaptation of that 
Piq97|| . Indeed, from lemma |9.1| one deduces by Simpson's method that 



if the bundle is stable, then Donaldson's functional is bounded below, and a 
minimizing sequence hj = huj must converge in to some limit; moreover, 
||D"uj||^2 remains bounded. Lemma ^]2| gives the stronger convergence in 



Sobolev one can then deduce that the limit actually solves 

the equation. □ 
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